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We study the single- and many-particle properties of a two-leg ladder model threaded by a flux
with the legs coupled by a spatially varying term. Although a priori unrelated to twisted bilayer
graphene (TBG), the model is found to have striking similarities: A quasiflat low energy band
emerges with characteristics similar to that of magic angle TBG. We study the effect of interparticle
interaction in our model using the Density Matrix Renormalization Group and find that when the
band is quasiflat, the ground state is a ferromagnetic Mott insulator. As the band becomes more
dispersive, the system undergoes a ferromagnetic to antiferromagnetic transition. We discuss how
our model is relevant not only to magic-angle physics in TBG, but also in the larger context of 1D
correlations and magnetism.
In recent years it has been realized that rotating two
graphene layers by a small relative angle away from AA
or AB configuration results in unexpected properties. In
such systems, dubbed twisted bilayer graphene (TBG),
the low-energy bands become quasiflat at an angle of
∼ 1◦, called the “magic angle” [1–3]. With kinetic energy
suppressed, interactions are effectively enhanced, leading
to rich, correlated phases seen in experiments [4–11]. In
particular, insulating states that cannot be explained by
single particle band theory appear when each of the con-
duction and valence bands is half-filled. Further, dop-
ing away from half-filling gives way to superconducting
phases. The phase diagram is reminiscent of that in the
cuprates, adding to the excitement, and intense efforts
are under way to understand the nature of the ground
state.
A major challenge in studying correlation effects in
magic angle TBG is that its single-particle physics is
not well understood. Rotation between the two layers
leads to a large scale moire´ pattern and an enlarged
supercell which makes ab initio calculations impossible
[2]. Long-wavelength descriptions in momentum space,
which treat the interlayer coupling perturbatively, exist
for general rotations but break down at the magic angle
[3]. Attempts to write effective real-space lattice theo-
ries by constructing appropriate Wannier functions have
revealed that the Wannier functions are not very well lo-
calized [12–14]. Thus, a suitable starting point at the
single-particle level is lacking, which has resulted in a
variety of competing theories for the correlated physics.
Alternative approaches that provide clues to the physics
of magic-angle TBG are, therefore, needed.
In this Letter, we provide such an approach by defining
an auxiliary model which is a priori unrelated to TBG,
nevertheless captures aspects of TBG both at the single-
and many-particle levels. In particular, we show that a
two-leg ladder pierced by a flux with the legs coupled by
a spatially varying term leads to a quasiflat low-energy
band with characteristics similar to that in magic an-
gle TBG. At half-filling of this band, interactions lead
to an insulating state with intra- as well as inter-leg fer-
romagnetic ordering between spins. As the bandwidth
increases, both orders turn antiferromagnetic. We dis-
cuss the relevance of our findings in light of recent works
on TBG. We also explore how our model is pertinent to
the broader context of 1D correlations and magnetism.
At low energies, a TBG can be described by (h¯ = 1)
[3, 15]
h1,2 = −iv0
(
0 ∂x − i∂y
∂x + i∂y 0
)
, (1)
h⊥ =
γ0
3
2∑
n=0
eiδKn·r
(
1 e−i
2pin
3
ei
2pin
3 1
)
. (2)
where h1,2 are Dirac Hamiltonians describing the indi-
vidual layers and h⊥ describes interlayer coupling. Here,
v0 is the Dirac velocity of the individual layers, γ0 is the
interlayer coupling strength, δK = Kθ − K is the vec-
tor that connects the Dirac points of the rotated and the
unrotated layers in momentum space, and δKn is δK
rotated by an angle of 2pin/3. The vector δK sets the
length scale of the moire´ pattern which has a periodic-
ity of 4pi3δK . The above Hamiltonian has the interesting
property that the bandwidth of the low-energy bands de-
pends on the parameter α = γ0
v0δK
. As α increases from
zero, the bandwidth decreases, approximately vanishes
at α ∼ 1, and increases again with further increase in α.
While a reduction in the bandwidth can be analytically
understood by employing a perturbation theory in α, the
quasiflat-band regime can be explored only numerically
because perturbation theory breaks down when α ∼ 1.
To obtain an understanding of magic-angle TBG, it
is imperative we ascertain which aspect(s) of the above
Hamiltonian is(are) responsible for the phenomenon of
band flattening. Are Dirac dispersion and band touch-
ing necessary? Is it essential for h1,2 and h⊥ to have a
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FIG. 1. (a) Pictorial representation of the auxiliary Hamiltonian defined by Eqs. (3) and (4) (continuum model) or Eq. (6) with
U = 0 (lattice model): A two-leg ladder threaded by a magnetic flux and the legs coupled with a spatially varying periodic
term. (b) Low energy band structure of the auxiliary Hamiltonian. Calculations have been performed using Eq. (6) with
U = 0. Here t = 1 and γj = γ0[1 + g cos(2pij/J)]e
i(2pij/J) with g = 0.1 and J = 6. With increase in γ0, the lowest band first
becomes quasiflat and then becomes dispersive. (c) Dependence of the bandwidth of the lowest band on γ0. (d) Schematic
representation of the origin of the low-energy quasiflat band—see text for description.
matrix structure (arising from the sublattice degrees of
freedom)? Is the phenomenon constrained to only two
dimensions? Motivated by these questions, we construct
an auxiliary Hamiltonian by replacing Eqs. (1) and (2)
with
h1,2 = −
∂2x
2m
, (3)
h⊥ = γ(x)eiφ(x). (4)
The auxiliary Hamiltonian is a priori unrelated to the
original TBG Hamiltonian but the inspiration is obvi-
ous: We have replaced the individual graphene layers
with one dimensional free electrons while keeping the
coupling term complex similar to the TBG Hamilto-
nian. We impose the condition γ(x) = γ(x + X) and
φ(x) = φ(x+X) so that h⊥ is periodic as in TBG. Thus,
the auxiliary Hamiltonian is the long-wavelength limit
of a two-leg ladder model threaded by a magnetic flux
where the legs are coupled by a spatially varying peri-
odic term, as represented in Fig. 1(a) (the corresponding
lattice model is given by Eq. (6) with U = 0). For sim-
plicity, we assume a constant flux per plaquette and small
spatial modulation of γ(x): φ(x) = 2pix/X ≡ φ0x and
γ(x) = γ0[1 + g cos(2pix/X)], with g < 1.
We now show that the resulting low-energy band struc-
ture exhibits all the salient features of the bands in TBG.
Fig. 1(b) shows that increasing γ0, analogous to increas-
ing α in TBG, causes the bandwidth of the lowest-energy
band to first decrease, go to a minimum resulting in a
quasiflat band, and then increase again. This is summa-
rized in Fig. 1(c). The mechanism leading to this behav-
ior is traced schematically in Fig. 1(d): First, the com-
plex interleg coupling causes the two degenerate bands
to split along the momentum axis by an amount gov-
erned by the complex phase. Next, the constant part of
the interleg coupling strength, γ0, breaks the degeneracy
at the touching point and separates out the low-energy
band. Finally, the parameter g, describing the spatially
varying part of the coupling strength, opens up a gap
∆BG at the miniband edge due to Bragg scattering and
separates out a quasiflat miniband of bandwidth δBW .
In momentum space, the low-energy bands are described
by the truncated Hamiltonian,
Hk =


εk,−1 γ0 0 0
γ0 εk,0 gγ0/2 0
0 gγ0/2 εk,0 γ0
0 0 γ0 εk,+1

 , (5)
where εk,n =
(k+nφ0)
2
2m . Eq. (5) reproduces the band
structure in Fig. 1 remarkably well, even in the quasiflat
regime when δBW ≪ ∆BG—see supplemental material
[16]. The band flattening results from a combined effect
of the parameters γ0 and g (for a fixed φ0) which can be
independently tuned in our model.
Since the flatness depends only on the flux and the
spatially varying coupling term, one can replace the two
legs of the ladder with any other object with required at-
tributes (e.g., dimensionality, topology, internal degrees
of freedom, etc.) which will be conferred on the result-
ing quasiflat band(s). This separation of effects can be
exploited to design new quasiflat bands.
We now study the effect of interparticle interaction on
the auxiliary Hamiltonian. While earlier works on related
models studied the dispersive regime [17–19], here we
focus on the quasiflat-band regime. To that end, we write
3down the corresponding lattice version:
H = −t
∑
j,σ,λ
c†j+1σλcjσλ +
∑
j,σ
γjc
†
jσ2cjσ1 + h.c.
+U
∑
j,λ
nj↑λnj↓λ.
(6)
Here, cjσλ annihilates an electron on site j, on the leg
with index λ = 1, 2 and spin σ =↓, ↑. Hopping between
adjacent sites in each leg is parametrized by t and be-
tween the two legs by γj = γ0
(
1 + g cos 2pij
J
)
ei
2pij
J , where
γ0 and g are constants. In our calculation, we choose J
to be 6 without any loss of generality, and set t = 1 to fix
the energy scale. The first line reduces to Eqs. (3) and
(4) in the long-wavelength limit. Interaction is added
via an onsite Hubbard interaction of strength U in the
second line, where njσλ is the electron number opera-
tor. We are interested in the scenario when the quasiflat
band is half-filled; therefore, we fix the electron density
at n = 12J .
The ground state properties are calculated using
the finite-size Density Matrix Renormalization Group
(DMRG) method [20–22] with open boundary condi-
tions. Calculations are performed using the ITensor li-
brary [23]. To minimize finite-size effects, we study sys-
tems of various sizes upto 2L = 2 × 240 sites with cut-
off error less than 10−9. The energy difference between
two sweeps is less than 10−7 during final sweeps. Total
charge- and Sz-conservation are implemented for better
convergence [16].
In order to stay in the quasiflat-band regime we fix
γ0 = 0.49 and g = 0.1 so that δBW ≈ 7.5 × 10
−3 and
∆BG ≈ 4.89 × 10
−2. For the Hubbard term, we im-
pose the condition δBW <∼ 〈U〉 < ∆BG, where 〈U〉 =
U
∑
j,λ 〈nj↑λnj↓λ〉 is measured in the non-interacting
limit. We choose U = 0.4 which gives 〈U〉 /∆BG ≈ 0.18
and 〈U〉 /δBW ≈ 1.17. As shown in Fig.2(a), as a re-
sult of interaction a commensurate charge density wave
emerges with the period of J. To identify whether the
phase is gapped or not, we calculate the charge gap
defined as ∆c = limL→∞[E0 (Ne = N + 2) + E0(Ne =
N − 2) − 2E0 (Ne = N)], where E0 (Ne) refers to the
ground state energy of a given electron number Ne. We
find ∆c = 0.0214, obtained after accounting for the finite-
size scaling (see supplemental material [16]). The charge
gap increases monotonically as U increases, and saturates
at ∆c = 0.0474 when U > 1, as shown in Fig.2(b). Also,
it is seen that ∆c goes to zero at U ≈ 0.1, signaling a
metal-insulator transition. The spin gap is defined sim-
ilarly as ∆s = E0 (S
tot
z = 1) − E0 (S
tot
z = 0) because of
the spin U(1) symmetry. We find that ∆s = 0 (less than
10−6). The nonzero charge gap and a zero spin gap at fi-
nite U is consistent with the expectation that the system
at half-filling is a Mott state.
We next investigate the spin-spin correlation in this
Mott state. The spin-spin correlation within each leg is
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FIG. 2. Ground state properties of the interacting two-leg
ladder model described in Eq. (6) when the lowest noninter-
acting band is quasiflat and half-filled. (a) Electron density
in real space oscillates with a periodicity of J = 6. (b) The
charge gap at various values of U after finite-size scaling: A
metal-insulator transition appears at U ≈ 0.1. (c) The intra-
leg spin-spin correlation. (d) The interleg spin-spin correla-
tion. Correlations in both (c) and (d) are ferromagnetic (only
one leg shown in (c); the other leg is similar). Here x = L
4
is
chosen away from the boundary to minimize finite size effect.
defined as 〈
−→
S iλ ·
−→
S jλ〉, where
−→
S iλ is the total spin of the
electrons on site i of the λth leg. As shown in Fig.2(c),the
spin-spin correlation oscillates with the same period as
the electron density. However, it is not a conventional
spin density wave: the spin-spin correlation values are all
positive between any two sites, indicating a ferromagnetic
ordering. That is, ordering both within a supercell as
well as between two supercells is ferromagnetic. A similar
behavior is observed for the spin-spin correlation between
the two legs, although it is found to be weaker than the
intraleg correlation. This is shown in Fig.2(d). Note that
the ordering is quasi-long range since a true long-range
order is forbidden in 1D by the Mermin-Wagner theorem
[24]. In all, this suggests that in the quasiflat regime, the
system is an unusual ferromagnetic Mott insulator.
It is natural to ask what happens to this phase when
the band is no longer quasiflat. To address this, we
keep the interaction strength unchanged but change the
bandwidth by changing γ0 while keeping g and φ0 fixed
to the values used before. Thus, γ0 is a proxy for the
bandwidth which can can be read off from Fig. 1(c).
As shown in Fig. 3(a), as γ0 is decreased (bandwidth
is increased), the intraleg spin-spin correlation changes
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FIG. 3. Effect of increasing the bandwidth by decreasing
γ0 on the ground state properties shown in Fig. 2. (a) The
intraleg spin-spin correlation changes from ferromagnetic to
antiferromagnetic as γ0 decreases (bandwidth increases). The
inset shows the correlations in the limit when the two legs
are uncoupled. (b) The spin structure factor for various γ0.
The peaks at k = 0 are due to the non-zero average value
of the correlations. The k = 0 peak is tallest for the flat-
test band (largest γ0). (c) Same as in (a) but for interleg
spin-spin correlation. (d) The charge gap at various values of
γ0 (bandwidths) after the finite-size scaling. All parameters
used, except γ0, are the same as those used in Fig. 2.
from ferromagnetic to antiferromagnetic. In the inset,
we show the spin-spin correlation in the limit when the
two legs are completely uncoupled. Once the transi-
tion has occurred, the spin-spin correlation quickly as-
sumes the antiferromagnetic form expected for a single
chain. Thus, the emergence of the ferromagnetic phase
is contingent on a small bandwidth. A better repre-
sentation of the ferromagnetic–antiferromagnetic tran-
sition can be achieved by computing the structure fac-
tor S (k) = 1
L
∑
i,j
〈−→
S i,λ ·
−→
S j,λ
〉
eik(xi−xj). We plot in
Fig. 3(b) S(k) vs. k for different values of γ0. Ferro-
magnetic ordering is indicated by sharp peaks at k = 0
and k = 2pi/6 = 2pi/J , which give way to antiferromag-
netism at smaller γ0 (larger bandwidth) as signaled by a
sharp peak at k = 2pi/12 = pi/J . Around γ0 ≈ 0.43,
where the transition happens, we find both peaks to
be sharp. The ferromagnetic-to-antiferromangetic tran-
sition is also observed in spin-spin correlation between
the two legs as shown in Fig. 2(c). Finally, in the charge
sector, we find charge density waves with the same peri-
odicity as in the quasiflat band regime. The charge gap
decreases with decrease in γ0 (increase in bandwidth),
as shown in Fig.3(d), except near γ0 = 0.43 where it
shows certain features. This is the same value at which
the ferromagnetic-antiferromagnetic transition appears
in the spin sector.
We have confirmed that the above observations
do not change qualitatively on introducing an addi-
tional nearest neighbor interaction term of the form
V
∑
j,σ,σ′,λ njσλnj+1σ′λ in Eq. (6)—see supplemental
material [16].
We now discuss the relevance of these findings in the
context of TBG. Experiments have found that near the
magic angle, at half-filling of either the conduction or
the valence bands, TBG becomes a correlated insulator
[4, 6]. Recent theories have proposed that the ground
state should be ferromagnetic [25, 26]. This has been at-
tributed to the unusual shape of the Wannier functions
for the quasiflat bands and an interplay between the spin
and valley degrees of freedom. It is interesting that a
ferromagnetic insulating state is also favored in our aux-
iliary model. Note that while our auxiliary model mimics
TBG at the single particle level, the similarity is only in
the energetics of the bandwidth, with a completely dif-
ferent microscopic structure—there is no Dirac physics,
no valley degree of freedom, and our model is 1D as op-
posed to 2D—indicating that, perhaps, the underlying
physics is quite general. Experimentally, no signature of
ferromagnetism has yet been observed at half-filling in
TBG. This could be due to the stringent requirement of
the narrow bandwidth, so that TBG even slightly away
from the magic angle has tendencies toward k 6= 0 spin
density waves. On the other hand, ferromagnetism has
been found recently at three-quarters filling of the con-
duction band through the observation of anomalous Hall
effect [7]. It would be interesting, therefore, to extend
our model to three quarters and other rational fillings of
the band, and also include a valley degree of freedom; the
latter can be achieved simply by considering two copies
of the two-leg ladder, threaded by flux in opposite direc-
tions.
Beyond TBG, our model is relevant in the larger con-
text of 1D correlations and magnetism. The emergence
of ferromagnetism in the quasiflat regime of our model
[Fig. 2(a)] seems to contradict the theorem by Lieb and
Mattis which states that the ground state in 1D has the
lowest possible spin [27, 28]. However, the proof assumes
all hoppings and interactions to be real, which is not true
in our model. Also, our model should be compared with
Tasaki’s model [29, 30] which is known to give rise to
flatband ferromagnetism: Tasaki’s model achieves flat
bands by having more than one type of atom in the
unit cell and beyond-nearest-neighbor-hopping whereas
we achieve flat bands with strictly nearest neighbor hop-
ping by including a flux. Similarly, the metal-insulator
(Mott) transition at nonzero U [Fig. 2(b)] is at odds
with the general result that in 1D such a transition is
5not expected [31]. The latter is, however, valid only for
cases with SU(2) symmetry—it is known to break down
in SU(N) generalizations of the 1D Hubbard model [32].
Considering the two legs in our model as pseudospins, it
is then not surprising that we find a metal-insulator tran-
sition at nonzero U . Nevertheless, the role of the complex
hopping term in this respect cannot be overruled.
We are not aware of a theory that can adequately de-
scribe the model discussed here. A theory explaining
the numerical findings will not only provide a basic un-
derstanding of many of the observed features in magic-
angle TBG, it will also provide a novel direction in the
study of 1D correlations and magnetism. These ideas can
be experimentally tested independently using cold atoms
where Fermionic flux ladders can be simulated [33].
In summary, we have shown that a two-leg ladder
threaded by a flux with the legs coupled by a spatially
varying periodic term produces a low energy quasiflat
band with characteristics similar to that in magic angle
TBG. In the presence of interactions, the ground state
is a ferromagnetic Mott insulator, which gives way to an
antiferrromagnetic Mott insulator as the band becomes
more dispersive. In addition to providing clues to the
physics of magic angle TBG, our model is relevant in the
larger context of 1D correlations and magnetism.
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6SUPPLEMENTAL MATERIAL
The auxiliary Hamiltonian truncated in momentum space
The noninteracting auxiliary Hamiltonian is defined as (ignoring spin)
H = −t
∑
j
(c†j+1,1cj,1 + h.c.)− t
∑
j
(c†j+1,2cj,2 + h.c.) +
∑
j
(γjc
†
j,2cj,1 + h.c.), (7)
where γj = γ0(1 + gcosφj)e
iφj , with φj =
2pi
J
j = φ0j. We make the following gauge transformations: cj,1 → cj,1 and
cj,2 → e
iφj cj,2, and then carry out a Fourier transform: cj,α =
1√
J
∑
k e
ikjck,α. Eq. (7) then becomes
H = −2t
∑
k
cos (k) c†k,1ck,1 − 2t
∑
k
cos (k + φ0) c
†
k,2ck,2 + γ0 (1 + gcosφ0)
∑
k
(
c†k,2ck,1 + h.c.
)
. (8)
Since we are interested only in the low-energy spectrum for k ∈ [−φ0/2, φ0/2], we can truncate the Hamiltonian in
momentum space and write H =
∑
Hk with
Hk =
(
c†k−φ0,1 c
†
k−φ0,2 c
†
k,1 c
†
k,2
)
·


εk,−1 γ0 0 0
γ0 εk,0 γ0g/2 0
0 γ0g/2 εk,0 γ0
0 0 γ0 εk,+1

 ·


ck−φ0,1
ck−φ0,2
ck,1
ck,2

 , (9)
where εk,n = −2tcos(k + nφ0) which in the long-wavelength limit becomes
(k+nφ0)
2
2m with m =
1
2t (discarding the
constant shift of energy equal to −2t). As seen in Fig. 4, Eq. (9) reproduces the band structure obtained from Eq. (7)
remarkably well, even in the quasiflat-band regime.
The convergence of numerical results
The convergence of the Density Matrix Renormalization Group (DMRG) results can be checked by the truncation
error and ground state energy with increased number of states kept. As shown in Fig.5, the ground state energy
E0 remains almost unchanged as the number of states increases, indicating that the numerical results are converged.
Meanwhile the local spin value 〈Szi 〉 remains zero with an error bar in the order of the truncation error for any finite
U .
The finite-size scaling of the charge gap
The charge gap is defined as ∆c(L) = E0 (Ne = N + 2)+E0(Ne = N − 2)− 2E0 (Ne = N). The calculations of the
charge gap depend only on the ground state energy; thus, they are very reliable. Fig.6 shows the finite-size scaling of
the charge gap. The charge gap remains finite after the scaling for U > 0.2, which indicates a gapped phase.
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FIG. 4. Comparison of the low-energy bands of the auxiliary Hamiltonian derived from exact tight-binding calculation (blue)
and from the truncated Hamiltonain [Eq. (9)] (red). Here, t = 1, φ0 = 2pi/6, and g = 0.1.
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FIG. 5. The groud state energy with various number of states kept. The truncation error is 1× 10−9 for 1000 states, 1× 10−10
for 2000 states, and 2× 10−11 for 3000 states.
The spin correlations under the next-nearest-neighbor interactions
Besides the onsite Hubbard interactions, we have tested other interactions such as the next-nearest-neighbor
Coulomb interactions, which is defined as V
∑
j,σ,σ′,λ njσλnj+1σ′λ. As shown in Fig.7 the spin correlations become
ferromagnetic for finite V, which is similar to the one with only onsite Coulomb interactions, suggesting that the
ferromagnetic Mott state is robust against various types of Coulomb interactions.
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FIG. 6. The finite-size scaling of the charge gap for various U in the quasi-flat band regime. We have used a least-square fit to
the third order of polynomials in 1/L. Similar fittings are used in the extrapolation of the charge gap for various γ0.
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FIG. 7. The intra-chain spin correlations with next-nearest-neighbor Coulomb interactions, obtained for the system of length
L = 144. We choose x = L
4
in order to minimize the effect of the open boundary. Only one leg is shown, the other is the same.
